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Calculations of structure factors for garnets with previously deduced distributions of ions have confirmed 
the structural formulae {Nd2.7Ybo.a} [Yb2](Ga3)O12 and {Pra}[Lu2](Ga3)O12; that is, rare earths fill all 
dodecahedral and octahedral sites. 

Introduction 

The partial filling of the octahedral sites of  the 
garnet structure by rare earth when the same rare 
earth also completely fills the dodecahedral sites 
was first reported by Keith and Roy (1) and later 
studied further by Roth (2), by Schneider, Roth, 
and Waring (3), and by Geller and Espinosa (4). 
Suchow, Kokta,  and Flynn (5, 6) were able to 
prepare gallium garnets of  this type with the 
octahedral sites fully occupied by the smaller 
trivalent rare earth ions by "opening up" the 
lattice by means of placing large rare earth ions 
(Nd 3+ and Pr 3+) on the dodecahedral sites. In 
some cases it was possible to prepare single-phase 
materials with only the large rare earth on the 
dodecahedral sites, but in most cases it was 
necessary to place at least a minimum amount  of 
the smaller rare earth on these sites along with 
the larger rare earth. 

The general formula for the known compounds 
of this type may be taken as {M3_yR~,}[RxAz_x]- 
(A3)O~a, where M is the large rare earth, R the 
small one, and A either Ga  or A1. The braces 
signify eight-fold dodecahedral coordination 
(a distorted cube), the brackets six-fold octahedral 
coordination, and the parentheses four-fold 
tetrahedral coordination. 

In all the papers cited above, the presence of 
rare earth ions on octahedral sites was deduced 
f rom an observed increase in lattice constant and 
the fact that these ions had no other possible 
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sites to enter in the garnet structure after the 
dodecahedral sites were filled. This argument is 
especially valid when the products are single- 
phase materials. Until now, however, there has 
been no direct confirmation of this picture by 
means of  structure factor calculations; such 
confirmation is the purpose of the current work. 
Two materials were chosen for the calculations--  
{Ndz.vYbo.3} [Ybz](Ga3)O12 and {Pr3}[Luz]- 
(Gaa)O~z [structural formulae indicated are those 
previously deduced (5, 6)]. 

Preparation 

The specific materials with which this paper  
deals were prepared somewhat differently f rom 
those described earlier (5, 6). In the case of  the 
neodymium compound, this made it possible to 
lower the preparation temperature f rom 1500°C. 
to 1350°C. and thereby not make unreasonable 
demands on the silicon carbide element muffle 
furnace. 

The procedure employed commences by dis- 
solving weighed stoichiometric quantities of the 
desired oxides in nitric acid and then gently 
boiling down to dryness. The residue is collected 
and heated for 3 hr at 500°C. in an open porcelain 
crucible in order to decompose the nitrates. This 
product is ground in an agate mortar  and again 
heated, but now for 6 hr at 1350°C. in an open 
platinum crucible. The resulting material is then 
ground once more in an agate mortar  and heated 
16 hr longer at 1350°C. The heating is in all cases 
carried out in air in a muffle furnace. 
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5 5 4  SUCHOW AND MONDEGARIAN 

T A B L E  I 

OBSERVED AND CALCULATED INTENSITIES OF ALLOWABLE LINES IN N d - Y b  GALLIUM GARNET (a = 12.856/~)a 

lca~¢a for pos tu la ted  s t ructural  formulae  

h 2 + k 2 + l 2 lo~sd {Ndz.TYbo.3}[Ybz](Ga3)O12 {Ndo.TYb2.3}[Nd2](Gaa)O12 {Nd2.TYbo.3)[Ga2](YbzGa)Oa2 

6 9.8 13.3 18.0 0.1 
8 7.2 17.2 4.3 7.7 

14 6.1 7.2 10.4 0.0 
16 52.9 60.6 48.7 22.1 

20 97.7 94.0 1 O0 1 O0 
22 - -  0.1 0.5 0.7 

24 100 100 78.5 32.8 
26 1.3 1.1 1.0 0.7 

30 7.5 7.5 9.2 0.8 
32 - -  0.9 0.0 2.8 

38 7.8 7.5 9.1 0.8 
40 5.2 5.1 1.6 1.I 

42 - -  0.0 0.0 0.0 
46 2.4 1.1 1.6 0.0 

48 5.9 5.1 7.9 15.0 
50 - -  0.0 0.0 0.0 
52 27.0 25.2 26.4 25.7 

54 3.0 3.0 4.0 0.1 

56 68.6 64.6 51.7 23.0 
62 1.3 1.6 2.3 0.1 
64 18.6 18.4 16.7 11.2 
66 - -  0.1 0.0 0.1 

68 - -  0.1 0.1 0.I 
70 - -  0.4 0.7 0.0 

72 1.6 1.8 0.4 1.0 

74 - -  0.0 0.0 0.0 
78 - -  0.4 0.6 0.0 

80 15.9 15.5 12.3 5.4 
84 16.6 15.0 16.1 16.4 

86 1.2 1.2 1.6 0.0 

88 12.2 12.3 10.1 4.4 
90 - -  0.2 0. I 0.0 

94 1.2 0.9 1.2 0.0 
96 0.9 0.8 0.2 0.3 

98 - -  0.2 0.2 0.2 

100 - -  0.0 0.0 0.0 
102 - -  0.3 0.4 0.0 

104 - -  1.1 0.1 1.5 
106 - -  0.0 0.0 0.0 

110 1.2 1.2 1.6 0.0 
114 - -  0.0 0.0 0.0 

116 13.3 12.3 13.2 13.4 

118 - -  0.6 0.7 0.0 
120 13.6 13.3 10.5 4.6 
122 - -  0.0 0.0 0.0 

126 0.9 1.0 1.3 0.0 

128 8.1 8.8 8.0 5.4 
134 - -  0.7 0.9 0.0 

136 - -  0.4 0.0 0.7 
138 - -  0.0 0.0 0.0 
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T A B L E  I--continued 

lca~cd f o r  p o s t u l a t e d  s t r u c t u r a l  f o r m u l a e  

h 2 + k 2 + l 2 l obs ,~  { N d 2 . 7 Y b o . a ) [ Y b 2 ] ( G a a ) O 1 2  { N d o . T Y b 2 . a ) [ N d 2 ] ( G a 3 ) O l 2  { N d 2 . T Y b o . a } [ G a 2 ] ( Y b 2 G a ) O l 2  

140  - - -  0 .0  0 .0  0 .0  

142  - -  0.1 0 .2  0 .0  

144 5,9 5.8 4 .6  2 .0  

146 - -  0 .0  0 .0  0 .0  

148 2,8 2 .5  2 .7  2 ,8  

150 - -  0 .5  0 .7  0 .0  

152 13,9 13.4  10.6  4 .6  

154  - -  0 ,0  0 .0  0 .0  

158 - -  0 .3  0 .4  0 ,0  

1 6 0  - -  0 . 0  0 .1  0.2  

162 - -  0 .0  0 .0  0 ,0  

164  - -  0 .0  0 .0  0 .0  

166 - -  0.8 0 .7  0.1 

168 - -  0 .5  0.1 0.3 

170 - -  0 .0  0 .0  0 .0  

174  - -  0 .4  0 .6  0 . 0  

176 0 .8  0.8 1,5 7 .0  

178 - -  0 .0  0 .0  0 .0  

180 7 .4  6 ,6  7.1 7 .2  

182 - -  0 .5  0 .7  0 .0  

184 7,5 6.8 5.3 2.3 

186 - -  0 .0  0 .0  0 .0  

190  - -  0.1 0 .2  0 ,0  

192 3.8 3.5 3 .2  2.1 

194 - -  0 .0  0 .0  0 .0  

196  - -  0 .0  0 .0  0 .0  

198 - -  0 .3  0 .4  0 .0  

200  - -  0 .7  0.1 0 ,2  

202  - -  0 .0  0 .0  0 .0  

206  - -  0 .7  1.0 0 .0  

208  2 .9  3.3 2 .6  1.1 

210  - -  0 .0  0 .0  0 .0  

212  6.7 5.9 6 ,4  6.5 

214  - -  0.1 0 .2  0 .0  

216  14.7 14.7 11.6  5.1 

218  - -  0 .0  0 .0  0 .0  

2 2 2  - -  0 .4  0 .5  0 .0  

2 2 4  - -  0 .4  0.1 0 .4  

226  - -  0 .0  0 .0  0 .0  

230  - -  0 .9  1.2 0 .0  

232  - -  0 .2  0 .0  0 .2  

2 3 4  - -  0 .0  0 .0  0 .0  

236  - -  0 .0  0 . 0  0 .0  

238  - -  0 .0  0 .5  0 .0  

242  - -  0 .0  0 .0  0 .0  

244  5.6 6.7 7.3 7.5 

246  - -  0 .4  0 .6  0 .0  

248  17.5 16.7 13.1 5 .6  

2 5 0  - -  0 .0  0 .0  0 .0  

R f a c t o r  a ( ~ ) :  9 .6  19.6  50 .2  

°R = ['£ ( l l o , , , -  I . ,odl)/~.  Io, ,d  x lOO 

P r e c i s i o n  l a t t i c e  c o n s t a n t  f r o m  f i lm p a t t e r n  b y  S t r a u m a n i s  m e t h o d .  
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T A B L E  I I  

OBSERVED A N D  CALCULATED INTENSITIES OF A L L O W A B L E  LINES IN P r - L u  GALLIUM GARNET 

(a ~ 12.925 ~l) a 

h 2 + k2 + l 2 Iobsd 

l ~ d  .for pos tu la ted  s t ructural  formulae  

(Pra}[Lu2](Gaa)O12 {PrLu2}[Pr2](Ga3)O12 {Pra}[Ga2](Lu2Ga)O12 

6 8.3 11.7 18.0 0.0 

8 9.7 19.7 4.0 7.4 

14 6.2 6.1 10.1 0.0 
16 57.5 60.2 48.1 22.2 

20 88.1 89.5 100 100 
22 - -  0.1 0.5 0.9 

24 100 100 77.8 33.0 
26 1.2 1.1 1.0 0.7 

30 8.0 7.0 9.1 0.6 
32 1.1 1.1 0.0 2.7 

38 7.8 6.9 9.1 0.6 
40 4.7 5.9 0.0 0.0 

42 - -  0.0 0.0 0.0 

46 1.7 0.9 1.6 0.0 
48 4.1 4.5 8.1 15.0 

50 - -  0.0 0.0 0.0 
52 30.6 24.0 26.5 25.7 

54 2.1 2.6 3.5 0.1 
56 76.9 64.4 50.8 23.1 

62 1.5 1.4 2.2 0.1 
64 20.3 18.0 16.6 11.3 

66 - -  0.1 0.1 0.1 

68 - -  0.1 0.1 0.0 
70 - -  0.3 0.6 0.0 

72 2.3 2.2 0.4 1.0 
74 - -  0.0 0.0 0.0 

78 - -  0.4 0.6 0.0 

80 17.0 15.5 12.1 5.4 
84 17.4 14.1 16.0 16.3 

86 0.9 1.0 1.6 0.1 

88 12.5 12.6 9.9 4.4 
90 - -  0.2 0.1 0.1 

94 0.9 0.8 1.2 0.0 
96 0.9 0.9 0.2 0.3 

98 - -  0.2 0.2 0.2 

100 - -  0.0 0.0 0.0 
102 - -  0.2 0.4 0.0 

104 1.4 1.3 0.1 0.7 

106 - -  0.0 0.0 0.0 
110 1.6 1.1 1.6 0.0 

114 - -  0.0 0.0 0.0 

116 11.8 11.7 13.2 13.4 
118 - -  0.5 0.7 0.0 

120 16.4 13.2 10.4 4.6 
122 - -  0.0 0.0 0.0 

126 - -  0.9 1.3 0.0 

128 9.7 8.6 8.0 5.4 
134 0.6 0.6 0.7 0.0 
136 - -  0.5 0.0 0.6 
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T A B L E  lI--continued 

h2 + k 2 + 12 /obsd 

lca~¢d for pos tu la ted  s t ruc tura l  fo rmulae  

{Pra) [Lu2](Ga3)O12 {PrLu2} [Pr2](Gaa)O12 (Pra}[Ga2](Lu2Ga)O12 

138 - -  0.0 0.0 0.0 
140 - -  0.0 0.0 0.0 

142 - -  0.2 0.4 0.0 
144 6.5 5.8 4.6 2.0 

146 - -  0.0 0.0 0.0 
148 2.3 2.4 2.7 2.8 

150 - -  0.5 0.7 0.0 
152 13.5 13.4 10.4 4.6 

154 - -  0.0 0.0 0.0 

158 - -  0.3 0.4 0.0 
160 - -  0.3 0.0 0.2 

162 - -  0.0 0.0 0.0 
164 - -  0.0 0.0 0.0 

166 0.8 0.7 0.9 0.0 
168 - -  0.5 0.0 0.3 

170 - -  0.0 0.0 0.0 

174 - -  0.4 0.6 0.0 
176 1.3 0.7 1.6 3.5 

178 - -  0.0 0.0 0.0 
180 6.6 6.3 7.2 7.2 

182 - -  0.5 0.7 0.0 
184 7.4 6.8 5.3 2.3 

186 - -  0.0 0.0 0.0 
190 - -  0.1 0.2 0.0 
192 4.3 3.4 3.2 2.2 

194 - -  0.0 0.0 0.0 
196 - -  0.0 0.0 0.0 

198 - -  0.2 0.4 0.0 
200 0.9 1.0 0.1 0.5 

202 - -  0.0 0.0 0.0 

206 0 .7  0.6 1.0 0.0 
208 4.2 3.3 2.5 1.1 

210 - -  0.0 0.0 0,0 

212 6.0 5.6 8.6 6.5 
214 - -  0.1 0.2 0.0 

216 15.5 14.8 11.5 5.1 

218 - -  0.0 0.0 0.0 
222 - -  0.3 0.5 0.0 

224 - -  0.4 0.0 0.4 

226 - -  0.0 0.0 0.0 
230 0.8 0.8 1.1 0.0 

232 - -  0.2 0.0 0.2 

234 - -  0.0 0.0 0.0 
236 - -  0.0 0.0 0.0 

238 - -  0.3 0.5 0.0 
242 - -  0.0 0.0 0.0 

244 6.5 6.4 9.7 7.6 

246 - -  0.4 0.6 0.0 
248 17.6 17.2 13.2 5.8 

250 - -  0.0 0.0 0.0 

R factor  (%)  9.9 27.7 54.5 

Precis ion lat t ice cons tant  f rom film pat te rn  by S t raumanis  method.  
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TABLE III 

OBSERVED AND CALCULATED INTENSITIES OF NINE KEY LIN~S IN 
Nd-Yb GALLIUM GARNET (a ~ 12.856 ,~) 

Ic~I¢d for postulated structural formulae 
with indicated values of w in 

{Ndz.7-~Ybo.~+~}[NdwYb2-wl(Gaa)O~2 

h 2 + k 2 -] 12 1obsd W = 0 0.5 1.0 1.5 2.0 

20 97.7 94.0 100 100 100 100 
24 100 100 94.9 9•.2 78.4 78.4 
52 27.0 25.2 26.7 26.6 24.7 26.4 
56 68.6 64.6 63.9 59.5 51.4 51.7 
80 15.9 15.5 14.8 14.2 12.2 12.3 
84 16.6 15.0 16.0 16.0 14.9 16.1 
88 12.2 12.3 12.5 11.6 10.0 10.1 

116 13.3 12.3 13.1 13.1 12.2 13.2 
120 13.6 13.3 12.6 12.1 10.5 10.5 

R' factor (~)a 3.5 4.3 6.9 15.1 14.0 

For definition of R' ,  see text of paper. 

X-Ray Diffraction Powder Patterns 
All materials  prepared in this way have been 

found to have X-ray diffraction film powder  
pat terns (obtained with Nore lco  equipment)  
essentially identical with those of  corresponding 
materials  prepared by the earlier procedure.  
Al though  the garnets with rare earth ions filling 
two crystal lographic sites have X-ray pat terns 
quite  similar to those o f  the rare earth garnets 
conta ining gallium on both octahedral  and 
tetrahedral  sites, there are a number  o f  marked  

intensity shifts which should be accounted for  
by structure factor  calculat ions if  the assumed 
structures are correct. Mos t  notable  a m o n g  such 
shifts in relative intensity are those in lines at 
h z + k 2 + l 2 = 20 and 24; 52 and 56; 80, 84, and 
88; and 116 and 120. The 24-line does, in fact, 
become the strongest  in the pat terns o f  the 
materials  with rare earths on two sites. 

Quant i ta t ive  intensity data  for compar i son  
with calculated intensities were obta ined with a 
General  Electric Com pany  X R D - 6  unit  with an 

TABLE IV 

OBSERVED AND CALCULATED INTENSITIES OF NINE KEY LINES 1N 
Pr-Lu GALLIUM GARNET (a ~ 12.925 A) 

lcalca for postulated structural formulae 
with indicated values of w in 

{Pra-wLuw}[PrwLu2-w](Ga3)O12 

h 2 + k 2 + 12 lobsd W = 0 0.3 0.5 1.0 1.5 2.0 

20 88.1 89.5 94.5 98.0 I00 100 100 
24 100 100 100 100 93.2 85.1 77.8 
52 30.6 24.0 25.3 26.2 26.7 26.6 26.5 
56 76.9 64.4 64.6 64.6 60.4 55.4 50.8 
80 17.0 15.5 15.5 15.5 14.4 13.2 12.1 
84 17.4 14.1 14.9 15.5 15.9 16.0 16.0 
88 12.5 12.6 12.7 12.7 11.8 •0.8 9.9 

116 11.8 11.7 12.5 13.8 13.1 13.7 13.2 
120 16.4 13.2 13.3 13.3 12.4 11.3 10.4 

R' (~)" 7.7 8.6 9.5 13.4 17.9 21.7 

a For definition of R', see text of paper. 
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SPG2 spectrogoniometer (diffractometer). Values 
given in the tables are integrated intensities, taken 
by measuring areas under peaks. 

Calculation of Structure Factors 

The garnet space group is Ia3d-O~, °, for which 
the structure factor formula may be found in 
Ref. 7. The dodecahedral sites are 24(c), the 
octahedral sites 16(a), and the tetrahedral sites 
24(d). These are all special positions, but the 
oxide ions are in 96(h) general positions. To 
obtain calculated intensities (with an RCA 
System 3 computer), the various ions were first 
assigned to these sites with various postulated 
distributions, and scattering factors were taken 
from Ref. 8 for the trivalent cations and from 
Ref. 7 for the oxide ion. Appropriate corrections 
were made for multiplicity factors, Lorentz and 
polarization factors, and temperature factors 
(assuming for the Debye parameter, B, an overall 
isotropic value of 1.5, which is a rather average 
value for inorganic compounds). Absorption 
factors were not included because they do not 
vary with 0 when the data is obtained with an 
"infinitely thick" sample in a powder diffracto- 
meter. The x, y and z values for the oxide ions in 
general positions 96(h) were taken as -0.025, 
+0.049, and +0.149, respectively; these are 
average values for garnets and were found, when 
used in a test, to give good calculated intensities 
for YbaGa5012, a compound whose X-ray 
pattern and observed intensities are known (9) 
and whose x, y, and z values have been determined 
precisely as -0.0259, -~0.0563, and +0.1519, 
respectively (10). Variations of ~0.01, ±0.015, 
and :~0.03 in the average values of x, y, and z, 
respectively, were found not to cause any 
changes in calculated intensities of Yb3GasO12 
which were significant enough to have a serious 
effect on the comparison with powder data. 

Results of full calculations are given in Tables 
I and II. Included therein are calculations for the 
cation distributions indicated by the formulae in 
the Introduction section above as well as other 
distributions which do not really seem very logical 
from the viewpoint of crystal chemistry. These 
calculations confirm the earlier deduced struc- 
tural formulae {NdE.TYbo.a}[Yb2](Ga3)O12 and 
{Pra}[Lu2](Gaa)O12. Because of a remaining 
possibility that there was partial, even if small, 
switching of large and small rare earths on the 
dodecahedral and octahedral sites, additional 
calculations were carried out for a number of 

such formulae but using only the nine key planes 
discussed in the X-Ray Diffraction Powder 
Patterns section above. The results given in 
Tables III and IV indicate that there is no such 
switching. The R' factors given in these tables are 
R factors calculated only from these nine lines. 
In cases where structural formulae are the same 
in Tables I and lII  or Tables II and IV, R and R' 
are therefore slightly different. It is obvious, 
however, that agreement becomes poorer and 
progressively so as switching is postulated. The 
relative intensities of lines at h 2 + k 2 + l 2 ~ 20 
and 24 are especially sensitive to rare earth 
distribution and one can see very nicely, and per- 
haps even better than from the R' factors, exactly 
the same trend simply by comparing the observed 
intensities of these two lines with the several 
calculated values. It might be noted that the 
calculations account very well for the observed 
intensity shifts in the X-ray patterns of the com- 
pounds with the previously deduced structures 
with rare earths on two crystallographic sites as 
compared with {RE3}[Gaz](Ga3)O~2. Further 
improvement in both the R factors and the 
calculated intensities of the 8-lines can almost 
surely be brought about by refinement of the 
x, y, and z values and also by determining good B 
values for the various ions on appropriate sites 
and then applying the resulting better tempera- 
ture factors to the terms for the ions to which 
they pertain, rather than using overall values. 
Of course, best results would be obtained by 
comparison of calculated intensities with single 
crystal data. 
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